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Class: 12MTZ1 -
Teacher: MR TONG

CHERRYBROOK TECHNOLOGY HIGH SCHOOL

2010 AP4

YEAR 12 TRIAL HSC EXAMINATION

MATHEMATICS EXTENSION 2

Time allowed - 3 HOURS
(Plus & minutes’ reading time)

DIRECTIONS TO CANDIDATES:

>

>

>

Attempt all questions.
All questions are of equal value.

Each question is to be commenced on a new page clearly marked
Question 1, Question 2, etc on the top of the page. **

All necessary WOrking should be shown in every question. Full marks may
not be awarded for careless or badly arranged work.

Approved calculators may be used. Standard Integral Tables are provided.
Your solutions will be-collected in one bundie stapled in the top left corner.
Please arrange them in order, Q1 to 8.

**Each page must show your name and your class. **



Total Marks - 120
Attempt Questions 1-8
All questions are of equal value

Question 1 (15 marks) Starta NEW PAGE. MARKS
2
a) Find J- —X 2
3
x -1
b) Find J —dx 2
~JBx2 +2
C—
¢) Evaluate sin xdx 3
0
2
d) (i) FindAandBif —X-4*+2 1  Ax+ B 2
2 2
(2x+1)(x +4) 2x+1 X + 4
2 2
(ii) Hence evaluate f X -4 ;’2 dx, leave your answer in simplest 2
¢ (2x+1)(x + 4)
exact form.
z
2
e) Evaluate de 4
1+ sinB + cos0
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Question 2 (15 marks) Start a NEW PAGE. MARKS
a) Let z=5-12i,w=3 +4i. Find, inthe form of a+ bi

M z+w 1
. z
(ll) 7 2

. N3 -1
b) (i) Showthat tan—— = .
12 33 +1 1

(ii) Express z= (Jg +1)+ (Jf; - 1)i in modulus argument form. 2
(iii) Find the least positive integer n for which z" is areal number. 1
¢) (i) Shadetheregion |z-3-8i|<3 2
(i) Find the minimum value of |z + 3| where z satisfies the condition in (i). 2
d) Sketch in the complex plane, the locus of
. _=n 1
i argz = —
0 g ”
(i) arg(Z) = L. 1
4
Y
e) Onthe Argand diagram, OA represents the B
complex number z, =x + iy,
ZAOB = er— and the length of OB is twice 4
that of OA.
(i) Show that OB represents the
complex number — 2y + 2ix . < 5 . 1
L .
(ii) Given that AOBC is a rectangle, find 1

the complex number represented by
0108
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Question 3 (15 marks) Starta NEW PAGE. MARKS

Not to scale

W

The diagram shows the graph of y = f(x). y= 1is the horizontal asymptote. The graph
intersects the x-axis at the points (—1,0) and (4,0), and the y~axis at the point (0, —2).

Detach the printed graphs from the end of the question booklet and sketch on them the graphs
of the following, without using calculus, indicating any asymptotes.

® y=Jrw 2
N _ 1 2
G yeds

Gi) y=fCIx|) 2

by Px)= X -2 +3x° —4x+ 1 and the equation P(x) = 0 hasroots

o B yands.

(i)  Show that the equation P(x) = 0 has no integer roots. 1
(ii) Show that P(x) = 0 has areal root between 0 and 1. 1
(iii) Evaluate o + B2 + 1/2 + 82. 2
(iv) Hence deduce that the P (x) = 0 has 2 real roots. 2
(v) Find the equation whose roots are 1 , 1 i 1 and 1 2

20By 20PO 20vd 2Byd

(vi) Hence evaluate —1 1 1 1 1

+ + +
2By 20P6 2ayd 2By0°
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Question 4 (15 marks) Starta NEW PAGE.

a) Theequation |z-2+i| + |z-10+i|=12 corresponds to an ellipse on the
Agrand diagram.

(i)  Write down the complex number corresponding to the centre of the ellipse.

(if) Sketch the ellipse and state the lengths of the major and minor axes.

b)

(acos©,bsin0)

s’ 0 S X
x2 y2
The point P(a cos 0, b sin @) lies on the ellipse: = +b_2 =1, The points Tand T’
d

are the feet of the perpendiculars from the foci Sand S’ respectively to this tangent.

(i) Write down the equation of the tangent at P.

(i) Showthat sT = ab|ecos® - 1]

z, 2 2 2
asino +bcosO

(i) Hence prove that ST x §'T' = b2 .

Question 4 is continued on page 5.
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Question 4 (continued) MARKS

C) ¥y

The point A (ca, E) ,where a # £ 1 lies on the hyperbola xy = ¢?. The normal
a

through Ameets the other branch of the curve at B.

(i)  Show that the equation of the normal through Ais 2

y=azx+f—(l—a4)

a

(i) Hence if B has coordinates (cb, g—) , show that b = _Ti 1
(i) M () is the mid-point of AB. Show thatatM, a = - % : 1
(iv) Hence show that the equation of the locus of M is 4x3y3 + cz(x2 - yz)2 =0. 2
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Question 5 (15 marks) Starta NEW PAGE.

a)

b)

y

1%

y=x(2x - 1)2

A solid is formed by rotating the shaded region bounded by the curve

y=x(2x- 1)2 , the yaxis and the line y= 1 about the y axis. Use the method of
cylindrical shells to find the volume of this solid.

If z=cosO + isinB, showthat

(i) cos0 = —;‘-(z + l)

z

n
¥4

(i)  cosnd = —; (z" + l)

(iii) cos' @ = %(cosm + 4cos20 + 3)

Question 5 continued on page 7

MARKS
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Question 5 (continued) MARKS

0)

2 2

The base of a solid is the shaded region between the semi-circle x +y =1 and the
2

semi-ellipse XI +y2 =1, x2 0. Vertical cross-sections taken parallel to the x-axis

are rectangles with heights equal to the squares of their base lengths.

(i)  Show that the volume of the solid is given by 2
3

1 2
2.2
V=J (1-y ) ay
-1

(i) Find the value of V by using the substitution y = sin 0 and the result of part b). 2

d) Thesequence {u,, u,, u, . ..} isdefined by the recurrence relation
u,,,-4u,,,+4u,=0, n=0,1,2,...;and u,=1, u,=2.

n
Prove by mathematical induction that u, = 2 for all integers #.
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Question 6 (15 marks) Starta NEW PAGE. MARKS

a) (i) By using De Moivre's theorem or otherwise, show that 2
cos50 = 16 cos5 0 -20 cos3 0 +5cosO

(ii) Solve the equation 32:«’5 - 40.\'3 +10x-1=0. 3
(iii) Deduce that cos—— + cosﬁ + cos& + cosl—gn= -1, 2
15 15 15 15 2
b) (i) By usingthe resultofa) (i) and the identity 2
sin50 = 16sin° 0 - 20sin 0 + 5sin0 (DO NOT prove it),
_1068+ 5
show that tan 50 = —% = 10t 2+ t where t = tan0 .
5t -10t +1
(ii) Deduce that tan% tan 2L tan 3¢ tan%= . 2
¢) o, P arethe roots of the equation X+ px +q =0, and
S, = o+ Bn where nis a positive integer, (eg S, = o + B2 ).
2
(i) Showthat S,..+pS,., +g§, =0
(i) Hence show that 2

(42011 +42010)* + (V2011 -42010 ) = 64673762
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Question 7 (15 marks) Starta NEW PAGE.

a) 0,
4 metres
—_ T
¢~ 3
N I
~ P
““" e ——
3kg
3 metres
2k ‘Q
g 4
®\

The above sketch shows a smooth vertical rod OM. Light inextensible strings
OPand QPare attached to the rod at 0 and a mass of 3kg at P. At @, a 2kg mass is
free to slide on the rod. Pis rotating in a horizontal circle about the rod. The
distance 0Q1is 5 metres.

(i) Calculate, in terms of g the tension 7, in PQ and T, in OP.

(i) Hence calculate the angular velocity of P in order to maintain this system. Give

your answer correct to one decimal place. Take g as 10 ms -2

b) A particle of mass m kg is projected vertically upwards with an initial velocity

-1
100 ms  from O. It experiences air resistance during its motion equal to 0.1 mv ,

where is its speed in metres per second. Let x be the displacement, in metres, at
time tseconds, of the particle measured from 0. Take gas 10 ms 2,

(i)  Using a force diagram, explainwhy %X =-10-0.1v.

(i) Show that x = 1000 - 10v - 1000 x ln(—ﬂ—]
0.1v+ 10

(iii) Find the maximum height reached by the particle.

(iv) Showthat t=10x In(L)
0.1v+ 10

(v) Hence find the time taken for the particle to reach the maximum height.

(vi) Find the terminal velocity of the particle during its downward journey.

MARKS
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Question 8 (15 marks) Starta NEW PAGE.

In the diagram, AB and ACare tangents from A to the circle with centre 0, meeting
the circle at Band C. ADEis a straight line. Gis the midpoint of DE. CG produced
meets the circleat F.

(i)  Detach the last page from the question booklet and attach it to your answer
scripts.

(ii) Show that ABOC and AOGC are cyclic quadrilaterals.

(i) Show that BF|| AE.

b) (i) Show that J In(1+x)dx=(1+x)In(l +x)-x+C

(ii) Showthat (n+1)[,=2In2 - -nl,.,, n=12,...

n+1
1
Where 1,,=J XIn(l+x)dx, n=012,...
Q

(iii) Hence, show that when n is odd,
(n+1)l,= 1-1,11, 1
2 3 4 n+1

[You may assume [;=2In2 - 1. ]

¢) Let w beacomplex cube root of unity.
(i) Byusingtheresultl + o + o = 0, simplify {1+ (0]2.
(i) Showthat (1+®) =-1.

(iii) Use part (ii) to simplify (1 + 0))3" and hence show that
3nc0 _%(3"(:1 + 3nc2) + 3nc3 _ %(3nc4 + 3nC5) + 3nc6 - ..+ 3nc3" — (_1)".

[You may assume Re(w) = Re(wz) = - % ]

End of Paper

MARKS
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Answer sheet for Question 3 a)
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Answer sheet for Question 3 a) Name:
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For Question 8.
Detach this page and attach it to your answer script.
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